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In this paper, following a previous paper ([32] Permanence and extinction of a non-
autonomous HIV-1 model with two time delays, preprint) on the permanence and extinc-
tion of a delayed non-autonomous HIV-1 within-host model, we introduce and investigate
a delayed HIV-1 model including maximum homeostatic proliferation rate of CD4+ T-
cells and varying coefficients. By applying the asymptotic analysis theory and oscillation
theory, we show: (i) the system will be permanent when the threshold value R∗ > 1,
and for this case we also obtain the explicit estimate of the eventual lower bound of the
HIV-1 virus load; (ii) the threshold value R∗ < 1 implies the extinction of the virus.
Furthermore, we obtain that the threshold dynamics is in agreement with that of the
corresponding autonomous system, which extends the classic results for the system with
constant coefficients. Numerical simulations are also given to illustrate our main results,
and in particular, some sensitivity test of R∗ is established.

Keywords: Non-autonomous; HIV-1 infection; delay; permanence and extinction; oscilla-
tion theory.
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1. Introduction

In recent years, viral infection models consist of ordinary differential equations for
the populations of uninfected CD4+ T-cells, infected CD4+ T-cells and free virus
particles have been received with great attention and studied by many scholars (see
[1–4, 8, 13, 15, 25, 24, 27, 33]). We know that many mathematical models of within-
host viral infections have played an important role understanding the population
dynamics of HIV-1 infection including drug treatment and drug resistance such as
Perelson et al. [23, 26], De Boer and Doucher [7], Perelson [22], Wodarz and Nowak
[35], Wodarz et al. [36]. A basic mathematical model describing HIV-1 infection
dynamics with the simple mass-action infection is given by (see [25]):

ẋ(t) = λ + ax(t)
(

1 − x(t)
K

)
− µx(t) − (1 − nrt)kx(t)v(t),

ẏ(t) = (1 − nrt)kx(t)v(t) − δy(t),

v̇(t) = Nδy(t) − cv(t),

(1.1)

where the variables and parameters are described in Table 1.
In general, time delay can arise for various practical dynamics behaviors in

epidemiology. From the study of autonomous models with delay (see [6, 11, 14, 19,
20, 34]), we can find that the delay differential equations (DDEs) exhibit much more
complicated dynamics than ODEs. The first model introduced the time between
viral entry into a target cell and the production of new virus particles was developed
by Herz et al. [12] and assumed that cells became productively infected τ time
units after initial infection. Culshaw and Ruan [5] used the time delay between the
infection CD4+ T-cells and the emission of viral particles to study the effect of
the time delay on the stability of the infected equilibrium. Song et al. [29] studied

Table 1. Descriptions of variables and parameters in (1.1).

Description (unit)

Variables
x(t) Density of uninfected CD4+ T-cells (mm−3)
y(t) Density of infected T-cells (mm−3)
v(t) Density of virus particles (mm−3)

Parameters
λ Rate at which new CD4+ T-cells are created from sources (day−1mm−3)
a Maximum proliferation rate
K T-cell population density at which proliferation shuts off (mm−3)
µ Death rate of per CD4+ T-cell (day−1)
k Rate at which CD4+ T-cells become infected with virus (mm3day−1)
δ Death rate of per uninfected cell (day−1)
N Total number of new virus particles produced by each infected cell

during its lifetime 1
δ

c Rate at which the infectious virus is cleared out (day−1)
nrt Effectiveness of the reverse transcriptase inhibitor
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the viral models with time delay as follows:
ẋ(t) = λ + ax(t)

(
1 − x(t)

K

)
− µx(t) − kx(t)v(t),

ẏ(t) = kx(t − τ)v(t − τ) − δy(t),

v̇(t) = Nδy(t) − cv(t).

(1.2)

All parameters are the same as in system (1.1) except that the positive constant τ

represents the length of the delay in days.
According to the model in [21], Liu and Wang [16] studied the following system:

ẋ(t) = λ − µx(t) − (1 − nrt)kx(t)v(t),

ẏ(t) = (1 − nrt)ke−δ1τ1x(t − τ1)v(t − τ1) − δy(t),

v̇(t) = (1 − np)Nδe−δτ2y(t − τ2) − cv(t),

(1.3)

where np denotes the effectiveness of the protease inhibitor, the terms e−δ1τ1 , e−δτ2

account for the portion of cells infected at time t that is able to survive at least τ1

time units and the portion of productively infected cells that can survive τ2 time
units to produce newly infectious virus (see [16], δ1 = µ + c).

On the other hand, the non-autonomous phenomenon often occurs in many
realistic epidemic models since biological and environmental parameters of the
system are naturally subject to fluctuate in time. Many diseases show seasonal
behaviors such as varying infection rates, fluctuations in birth rates and so on (see
[17, 9, 10, 13, 30, 31, 37, 38, 18]). Rong et al. [28] considered the mechanisms under-
lying the emergence of drug-resistant variants during antiretroviral therapy (ART)
and studied the effect of antiretroviral drugs on the evolution of drug-resistant
HIV mutants by using a mathematical model. To investigate the non-autonomous
phenomenon in the model, the coefficients should be periodic functions. Therefore,
the purpose of our current paper is to establish the threshold values for a non-
autonomous HIV-1 infection model with two delays and show that the disease will
be permanent when the threshold value R∗ is larger than unit, and the disease will
go to extinction when the threshold value R∗ is smaller than unit.

2. Model Formulation and Preliminary Lemmas

In this paper, we consider the following non-autonomous HIV-1 infection model
with two delays:

ẋ(t) = λ(t) + a(t)x(t)
(

1 − x(t)
K(t)

)
− µ(t)x(t) − (1 − nrt(t))k(t)x(t)v(t),

ẏ(t) = (1 − nrt(t))k1(t)e
−R t

t−τ1
δ1(s)ds

x(t − τ1)v(t − τ1) − δ(t)y(t),

v̇(t) = (1 − np(t))N(t)δ(t)e−
R t

t−τ2
δ(s)ds

y(t − τ2) − c(t)v(t),

(2.1)
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where the meanings of functions λ(t), a(t), µ(t), K(t), k(t), k1(t), δ(t), N(t), c(t),
nrt(t) and np(t) appeared in (2.1) remain the same as the corresponding parameters
λ, a, µ, K, k, k1, δ, N, c, nrt and np in models (1.2) and (1.3), respectively.

For convenience of notations, we denote

β(t) = (1 − nrt(t))k(t),

β1(t) = (1 − nrt(t))k1(t)e
−R t

t−τ1
δ1(s)ds

,

γ(t) = (1 − np(t))N(t)δ(t)e−
R t

t−τ2
δ(s)ds

,

then we can rewrite system (2.1) as follows:
ẋ(t) = λ(t) + a(t)x(t)

(
1 − x(t)

K(t)

)
− µ(t)x(t) − β(t)x(t)v(t),

ẏ(t) = β1(t)x(t − τ1)v(t − τ1) − δ(t)y(t),

v̇(t) = γ(t)y(t − τ2) − c(t)v(t).

(2.2)

In the following, we will give some assumptions and notations for system (2.2).

(A1) Functions λ(t), µ(t), β(t), β1(t), δ(t), γ(t), c(t) are positive continuous bounded
and have positive lower bounds.

(A2) If f(t) is a continuous bounded function defined on [0, +∞), then we set

f l = inf
t≥0

f(t), fu = sup
t≥0

f(t).

The initial condition of (2.2) is given by

x(θ) = ϕ1(θ), y(θ) = ϕ2(θ), v(θ) = ϕ3(θ), −τ ≤ θ ≤ 0, ϕi(0) > 0,

i = 1, 2, 3, (2.3)

where ϕ = (ϕ1, ϕ2, ϕ3)T such that ϕi(θ) ≥ 0 (i = 1, 2, 3) for all θ ∈ [−τ, 0],
τ = max{τ1, τ2}, and C denotes the Banach space C([−τ, 0], R3) of continuous
functions mapping the interval [−τ, 0] into R3 and designates the sup-norm of an
element ϕ in C by

‖ϕ‖ = sup
−τ≤θ≤0

{|ϕ1(θ)|, |ϕ2(θ)|, |ϕ3(θ)|}.

Definition 2.1. The system (2.2) is said to be permanent if there exist positive
constants q̃, q̃1, q̃2 and L̃, L̃1, L̃2 such that the following inequalities,

q̃ ≤ lim inf
t→+∞ x(t) ≤ lim sup

t→+∞
x(t) ≤ L̃,

q̃1 ≤ lim inf
t→+∞ y(t) ≤ lim sup

t→+∞
y(t) ≤ L̃1,

q̃2 ≤ lim inf
t→+∞ v(t) ≤ lim sup

t→+∞
v(t) ≤ L̃2,
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hold for any solution (x(t), y(t), v(t)) of system (2.2) with initial condition (2.3).
Here q̃, q̃1, q̃2, L̃, L̃1, L̃2 are independent of (2.3).

Lemma 2.2 ([37]). Consider the following non-autonomous linear equation

ẇ(t) = λ(t) − µ(t)w(t). (2.4)

Suppose that assumptions (A1) and (A2) hold, then:

(i) Each fixed solution w∗(t) of Eq. (2.4) with initial value w(0) > 0 is bounded
and globally uniformly attractive on R+.

(ii) There exist m, M > 0, such that m < lim inft→+∞ w(t) ≤ lim supt→+∞ w(t)<

M.

(iii) When Eq. (2.4) is T-periodic, then we obtain that Eq. (2.4) has a unique non-
negative T-periodic solution w∗(t) which is globally uniformly attractive.

(iv) If µ(t) > 0 for all t ≥ 0 and

0 < lim inf
t→+∞

λ(t)
µ(t)

≤ lim sup
t→+∞

λ(t)
µ(t)

< +∞,

then for any solution w(t) of Eq. (2.4) with the initial condition w(0) > 0, we
have

lim inf
t→+∞

λ(t)
µ(t)

=
(

λ

µ

)l

< lim inf
t→+∞ w(t) ≤ lim sup

t→+∞
w(t) <

(
λ

µ

)u

= lim sup
t→+∞

λ(t)
µ(t)

.

Lemma 2.3. The solution (x(t), y(t), v(t)) of system (2.2) with initial condition
(2.3) is positive and bounded for all t ≥ 0.

Proof. Since the right-hand side of system (2.2) is completely continuous, then
the solution (x(t), y(t), v(t)) of system (2.2) with initial condition (2.3) exists and
is unique. Obviously, we can easily obtain x(t) > 0, y(t) > 0, v(t) > 0 for all t ≥ 0.

Next, we only prove that x(t), y(t), v(t) are positive bounded for all t ≥ 0.
According to the first equation of (2.2), we get

ẋ(t) ≤ λu + (au − µl)x(t) − al

Ku
x2(t),

then we have

lim sup
t→+∞

x(t) ≤ Ku

2al

(
au − µl +

√
(au − µl)2 +

4λual

Ku

)
∆= L.

Denote

U(t) = x(t) +
βl

βu
1

y(t + τ1) +
βlδl

2βu
1 γu

v(t + τ1 + τ2),
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then we can calculate the time derivative of U(t):

U̇(t) ≤ λu + aux(t) − al

Ku
x2(t) − σU(t)

= − al

Ku

(
x(t) − Kuau

2al

)2

+ λu +
Ku(au)2

4al
− σU(t)

≤ λu +
Ku(au)2

4al
− σU(t), σ =

{
µl,

δl

2
, cl

}
,

by Lemma 2.2, which implies that

lim sup
t→+∞

U(t) ≤ 4alλu + Ku(au)2

4alσ
. (2.5)

Lemma 2.4. If time series {tn}∞n=1 is large enough, then y(t), v(t) satisfy

y(tn − s) ≤ c1y(tn), v(tn − s) ≤ c2v(tn), c1 = eδuτ , c2 = ecuτ , s ∈ [0, τ ].

Proof. From the second equation of (2.2), we have

ẏ(t) ≥ −δ(t)y(t) ≥ −δuy(t),

then integrating from tn − s to tn, we obtain

y(tn) ≥ y(tn − s) exp
(
−
∫ tn

tn−s

δudθ

)
= e−δusy(tn − s) ≥ e−δuτy(tn − s).

Thus, y(tn − s) ≤ eδuτy(tn) ∆= c1y(tn). Similarly, from the third equation of (2.2),
we have v(tn − s) ≤ ecuτv(tn) ∆= c2v(tn).

Lemma 2.5. The solution (x(t), y(t), v(t)) of system (2.2) with initial condition
(2.3) satisfies

lim inf
t→+∞ x(t) ≥ K l

2au

[
Λ +

√
Λ2 +

4auλl

K l

]
∆= q, (2.6)

where Λ = al − µu − βuβu
1 γu

βlδl · 4alλu+Ku(au)2

2alσ
.

Proof. From Lemma 2.3, for any ε > 0, there exists a large enough T0 such that

v(t) <
2βu

1 γu

βlδl
· 4alλu + Ku(au)2

4alσ
+ ε, ∀ t ≥ T0.
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Thus, by the first equation of system (2.2),

ẋ(t) ≥ λ(t) + a(t)x(t)
(

1 − x(t)
K(t)

)
− µ(t)x(t)

− β(t)
(

βu
1 γu

βlδl
· 4alλu + Ku(au)2

2alσ
+ ε

)
x(t)

≥ λl −
[
µu − al + βu

(
βu

1 γu

βlδl
· 4alλu + Ku(au)2

2alσ
+ ε

)]
x(t) − au

K l
x2(t)

and hence, we have

lim inf
t→+∞ x(t) ≥ K l

2au

[
Λ +

√
Λ2 +

4auλl

K l

]
. (2.7)

Set

W (t) = y(t) +
δu

γl
v(t) +

∫ t

t−τ1

β1(s + τ1)x(s)v(s)ds +
δu

γl

∫ t

t−τ2

γ(s + τ2)y(s)ds

(2.8)
and

G(t) = y(t) +
δl

γu
v(t) +

∫ t

t−τ1

β1(ξ + τ1)x(ξ)v(ξ)dξ +
δl

γu

∫ t

t−τ2

γ(ξ + τ2)y(ξ)dξ,

(2.9)

then we have the following lemma.

Lemma 2.6. For any t large enough, then we have the following results:

(i)

W (t) ≤ k1y(t) + k2v(t), (2.10)

where k1 = 1 + δuγu

γl c1τ and k2 = δu

γl + βu
1 λu

µl c2τ .
(ii)

G(t) ≤ k′
1y(t) + k′

2v(t) ≤ W (t), (2.11)

where k′
1 = 1 + δlc1τ and k′

2 = δl

γu + βu
1 λu

µl c2τ .

Proof. It follows from (2.8) and Lemmas 2.3 and 2.4 that

W (t) ≤ y(t) +
δu

γl
v(t) +

βu
1 λu

µl
c2τv(t) +

δuγu

γl
c1τy(t)

=
(

1 +
δuγu

γl
c1τ

)
y(t) +

(
δu

γl
+

βu
1 λu

µl
c2τ

)
v(t)

∆= k1y(t) + k2y(t).

Similarly, from (2.9) and Lemmas 2.3 and 2.4, we easily obtain

G(t) ≤ k′
1y(t) + k′

2v(t) ≤ W (t).
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3. Permanence and Extinction

In this section, we will establish sufficient conditions for the persistence of (2.2).
Denote

R∗ =
K lβl

1γ
l

2auδucu

[
al − µu +

√
(al − µu)2 +

4λlau

K l

]
,

R∗ =
Kuβu

1 γu

2alδlcl

[
au − µl +

√
(au − µl)2 +

4λual

Ku

]
.

(3.1)

Theorem 3.1. The system (2.2) with initial condition (2.3) is permanent if R∗ > 1.

Proof. We will give the propositions to complete the proof of this theorem.

Proposition 3.2. If R∗ > 1 holds, for any positive solution (x(t), y(t), v(t)) of
system (2.2) with initial condition (2.3), then we have

lim inf
t→+∞ y(t) ≥ q̃1, lim inf

t→+∞ v(t) ≥ q̃2, (3.2)

where q̃1 = 1
2

βl
1q

δu

γle−cu
(τ+2p)

γlk2c2+k1cu q1, where q, q1, p and q̃2 are defined in (2.6), (3.3), (3.6)
and (3.16), respectively.

Proof. Here we will show that it holds by following four steps.

Step I. We first prove that there exists

q1 =
1
2
(R∗ − 1)

(
auδucu

K lβl
1γ

l
+

λlβl
1γ

l

R∗δucu

)
min

{
cl

βuγu
,

δu

βuγl

}
> 0, (3.3)

such that lim supt→+∞ y(t) ≥ q1, for any solution of system (2.2). Suppose that
it is not true, then lim supt→+∞ y(t) < q1, by the third equation of system (2.2),
we get

v̇(t) = γ(t)y(t − τ2) − c(t)v(t) ≤ γuq1 − clγ(t),

from Lemma 2.2, we have lim supt→+∞ v(t) < γuq1
cl . Thus, from the first equation

of system (2.2), we get ẋ(t) ≥ λl − (µu − al + βuγu

cl q1)x(t) − au

Kl x
2(t).

Then we obtain

lim inf
t→+∞ x(t) ≥ K l

2au

[
Λ1 +

√
Λ2

1 +
4λlau

K l

]
∆= h(q1), (3.4)

where Λ1 = al − µu − βuγu

cl q1.
Noting that the definition of W (t) in (2.8), then we have

Ẇ (t) ≥
(

βl
1h(q1) − δucu

γl

)
v(t) > 0, if R∗ > 1, (3.5)

for all t large enough, which means that W (t) is increasing. From Lemma 2.4,
W (t) is positive and bounded, so there exists a constant W ∗ > 0 such that
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W (t) → W ∗ as t → +∞, which implies that Ẇ (t) → 0 as t → +∞, this reduces
that v(t) → 0, and then y(t) → 0 as t → +∞, which means a contradiction. Thus,
lim supt→+∞ y(t)≥ q1.

Step II. Next, we will prove that there exists c0 = q1e
−(τ+2p)cu

such that W (t)≥ c0.

From (2.8) and Step I, we obtain that for any t̂0 ≥ 0, W (t) < q1 is impossible
for all t ≥ t̂0. Hence, we will consider the following two possibilities:

(a) W (t) ≥ q1 for all t large enough.
(b) W (t) oscillates about q1 for all t large enough.

Here, we only need to consider the second case. Let t1 and t2 be sufficiently
large satisfying:

W (t1) = W (t2) = q1, W (t) < q1, ∀ t ∈ (t1, t2).

If t2 − t1 ≤ τ + 2p, where

p =
1
2

√√√√ K l

auλl + Kl

4

(
µu − al + βuγlq1

δu

)2 ln

2K l


λl +

K l
(
µu − al + βuγlq1

δu

)2

4au


auLε0

> 0,

(3.6)

where ε0 is defined in (3.12). From (2.8), we have

δu

γl
v(t) ≤ W (t) < q1, v(t) ≤ q1γ

l

δu
, ∀ t ∈ (t1 + τ, t2).

By the first equation of system (2.2), for all t large enough, we have

ẋ(t) ≥ λl −
(

µu − al +
βuγlq1

δu

)
x(t) − au

K l
x2(t)

= − au

K l

(
x(t) +

K l

2au

(
µu − al +

βuγlq1

δu

))2

+ λl

+
K l

4au

(
µu − al +

βuγlq1

δu

)2

. (3.7)

Let

z(t) = x(t) +
K l

2au

(
µu − al +

βuγlq1

δu

)
,

b = λl +
K l

4au

(
µu − al +

βuγlq1

δu

)2

.

(3.8)

Then the inequality (3.7) can be rewritten as

ż(t) ≥ − au

K l
z2(t) + b =

(√
b +

√
au

K l
z(t)

)(√
b −

√
au

K l
z(t)

)
,
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which implies that

1
2
√

b

 1√
au

Kl z(t) +
√

b
+

1

−
√

au

Kl z(t) +
√

b

 dz(t) ≥ dt, (3.9)

for any t ∈ (t1 + τ, t2); we may integrate (3.9) from t1 + τ to t, then

z(t) ≥
√

bK l

au
−

2
√

bKl

au

√
b+

q
au

Kl z(t1+τ)
√

b−
q

au

Kl z(t1+τ)
exp
(
2
√

bau

Kl (t − t1 − τ)
)

+ 1

≥
√

bK l

au
−

2
√

Kl

au

(√
b −

√
au

Kl z(t1 + τ)
)

exp
(
−2
√

bau

Kl (t − t1 − τ)
)

√
b +

√
au

Kl z(t1 + τ)

=

√
bK l

au
+

2
√

bz(t1 + τ) exp
(
−2
√

bau

Kl (t − t1 − τ)
)

√
b +

√
au

Kl z(t1 + τ)

−
2b
√

Kl

au exp
(
−2
√

bau

Kl (t − t1 − τ)
)

√
b +

√
au

Kl z(t1 + τ)

≥
√

bK l

au
−

2b
√

Kl

au exp
(
−2
√

bau

Kl (t − t1 − τ)
)

√
b +

√
au

Kl z(t1 + τ)
. (3.10)

By (3.10), we get

x(t) ≥
√

bK l

au
− K l

2au

(
µu − al +

βuγlq1

δu

)

−
2b
√

Kl

au exp
(
−2
√

bau

Kl (t − t1 − τ)
)

√
b +

√
au

Kl

(
x(t1 + τ) + Kl

2au

(
µu − al + βuγlq1

δu

))
≥
√

λlK l

au
+
(

K l

2au

(
µu − al +

βuγlq1

δu

))2

− K l

2au

(
µu − al +

βuγlq1

δu

)

− 2

√
K l

au

(
λl +

K l

4au

(
µu − al +

βuγlq1

δu

)2
)

×
exp

(
−2

√
λlau

Kl + 4
(
µu − al + βuγlq1

δu

)2

(t − t1 − τ)

)
√

au

Kl x(t1 + τ)
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≥
√

λlK l

au
+
(

K l

2au

(
µu − al +

βuγlq1

δu

))2

− K l

2au

(
µu − al +

βuγlq1

δu

)
− ε0

∆= x∆, (3.11)

for any t ∈ (t1 + τ + p, t2), where

ε0 =
1
2

{√
λlK l

au
+ Θ2

1 − Θ1 − δucu

βl
1γ

l

}
> 0, (3.12)

where Θ1 = Kl

2au

(
µu − al + βuγlq1

δu

)
.

Thus, from (2.8) and (3.5), ∀ t ∈ (t1, t2), we obtain

Ẇ (t) ≥
(

β1(t + τ)x(t) − δu

γl
c(t)
)

v(t) ≥ −δucu

γl
v(t) ≥ −cuW (t). (3.13)

Note that t2 − t1 ≤ τ + 2p, so we have

W (t) ≥ W (t1) exp
(
−
∫ t

t1

cudθ

)
≥ q1 exp(−(τ + 2p)cu) ∆= c0. (3.14)

If t2− t1 > τ +2p, obviously, W (t) ≥ c0 holds when t ∈ [t1, t1 +τ +2p], by (3.5),
when t ∈ [t1 + τ + 2p, t2],

Ẇ (t) ≥
(

βl
1x∆ − δu

γl
cu

)
v(t) > 0, if R∗ > 1,

then we have W (t) ≥ W (t1 + τ + 2p) ≥ c0, for all t ∈ [t1 + τ + 2p, t2]. Hence,
W (t) ≥ c0 > 0 for all t large enough when R∗ > 1.

Step III. In this step, we will prove that

lim inf
t→+∞ v(t) ≥ q̃2, (3.15)

where

q̃2 =
1
2

γlc0

γlk2c2 + k1cu
=

1
2

γlq1 exp(−cu(τ + 2p))
γlk2c2 + k1cu

> 0, (3.16)

and c2, k1, k2 and q1 are defined in Lemmas 2.4 and 2.6 and (3.3).
Suppose (3.15) does not hold, then lim inft→+∞ v(t) < q̃2, from the definition

of inferior limit of v(t), we can choose a sequence {tn}∞n=1 such that

v(tn) < q̃2, tn → +∞, as n → ∞.
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By Lemmas 2.3–2.6, we get

y(tn − τ2) ≥ c0 − k2v(tn − τ2)
k1

≥ c0 − k2c2v(tn)
k1

. (3.17)

It follows from the third equation of (2.2) that

v̇(tn) ≥ γ(tn)
c0 − k2c2v(tn)

k1
− c(tn)v(tn)

≥ γlc0

k1
−
(

cu +
γlk2c2

k1

)
q̃2

=
γlc0

k1
− cuk1 + γlk2c0

k1
· 1
2

γlc0

γlk2c2 + k1cu

=
γlc0

2k1
> 0. (3.18)

Next, we will consider the following three cases:

(i) If v(tn) oscillates about q̃2, obviously, there exists a subsequence {tnj} such
that tnj → +∞, as j → ∞, and v̇(tnj ) = 0; this is a contradiction from
v̇(tn) > 0.

(ii) If v(tn) < q̃2 and v(tn) is uniformly ultimately increasing, by v̇(tn) > 0, then
there exists Tn > 0 such that v(Tn) → v∗(constant) ≤ q̃2 as n → ∞, so
v̇(Tn) → 0. Noting that (3.18), limn→∞ v̇(Tn) > γlc0

2k1
> 0; this reduces a

contradiction.
(iii) If v(tn) < q̃2 and v(tn) is not uniformly ultimately increasing, for any T > 0,

then there exists tT > T such that v̇(tT ) < 0 and v(tT ) < q̃2; this reduces a
contradiction again.

Therefore, we have lim inft→+∞ v(t) ≥ q̃2.

Step IV. Lastly, we will prove that lim inft→+∞ y(t) ≥ q̃1, where q̃1 is defined in
Proposition 3.2.

By the second equation of system (2.2) and Lemma 2.5, we get

ẏ(t) = β1(t)x(t − τ1)v(t − τ1) − δ(t)y(t) ≥ βl
1qq̃2 − δuy(t),

according to Lemma 2.2, which means that

lim inf
t→+∞ y(t) ≥ βl

1qq̃2

δu
=

1
2

βl
1q

δu

γle−cu(τ+2p)

γlk2c2 + k1cu
q1 = q̃1. (3.19)

Remark 3.3. In system (2.2), λ(t), a(t), K(t), µ(t), β(t), β1(t), δ(t), γ(t) and c(t)
are replaced by positive constants, namely, system (2.2) becomes an autonomous
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HIV-1 infection model with two delays. The basic reproduction number of this
autonomous HIV-1 infection system is given by

R0 =
Kβ1γ

2aδc

[
a − µ +

√
(a − µ)2 +

4λa

K

]
.

Clearly, R∗ > 1 implies R0 > 1.

Proposition 3.4. If R∗ > 1, then for any positive solution (x(t), y(t), v(t)) of
system (2.2) with (2.3), we have

lim sup
t→+∞

y(t) ≤ L̃1, lim sup
t→+∞

v(t) ≤ L̃2, (3.20)

where L̃1 ≤ c0, L̃2 ≤ γu

δl c0, c0 are defined in (3.39).

Proof. Similar to the proof of Proposition 3.2, we also only consider the following
steps.

Step I. We first prove that there exists

L1 = 2
cu

βlγl
(R∗ − 1)

(
alδlcl

Kuβu
1 γu

+
λuβu

1 γu

R∗δlcl

)
> 0, if R∗ > R∗ > 1, (3.21)

such that

lim inf
t→+∞ y(t) ≤ L1. (3.22)

If it is not true, then lim inft→+∞ y(t) > L1; by the third equation of system (2.2),
for all t large enough, we have

v̇(t) = γ(t)y(t − τ2) − c(t)v(t) ≥ γlL1 − cuv(t),

according to Lemma 2.3, then lim inft→+∞ v(t) ≥ γl

cu L1. Thus, by the first equation
of system (2.2), for all t large enough, we can obtain

ẋ(t) ≤ λu −
(

µl − au +
βlγl

cu
L1

)
x(t) − al

Ku
x2(t),

which implies that

lim sup
t→+∞

x(t) ≤ Ku

2al

au − µl − βlγl

cu
L1 +

√(
au − µl − βlγl

cu
L1

)2

+
4λual

Ku


∆= g(L1). (3.23)

Note the definition of G(t) in (2.9), then we get

Ġ(t) ≤ β1(t + τ1)x(t)v(t) − δl

γu
c(t)v(t)

≤
(

βu
1 g(L1) − δlcl

γu

)
v(t) < 0, (3.24)

which means that G(t) is decreasing. By Lemmas 2.3 and 2.4, G(t) is positive
bounded. Therefore, G(t) → G∗ (constant) as t → +∞; then Ġ(t) → 0 as t → +∞;
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this reduces that v(t) → 0, y(t) → 0 when t → +∞, which implies a contradiction
since G(t) > 0, so we obtain lim inft→+∞ y(t) ≤ L1.

Step II. Next, we show that there exists

L̂1 = 2
k1c

u + γlk2c2

βlγl
(R∗ − 1)

(
alδlcl

Kuβu
1 γu

+
λuβu

1 γu

R∗δlcl

)
> 0, (3.25)

where

k1 = 1 +
δuγu

γl
c1τ, k2 =

δu

γl
+

β1uλuc2τ

µl
, c1 = eδuτ , c2 = ecuτ ,

such that

lim inf
t→+∞ G(t) ≤ L̂1. (3.26)

Otherwise, we have

lim inf
t→+∞ G(t) > L̂1,

using (2.8), (2.9) and Lemma 2.6, we obtain

L̂1 < G(t) ≤ W (t) ≤ k1y(t) + k2v(t), for t large enough. (3.27)

By the third equation of system (2.2), we get

v̇(t) ≥ γ(t)
L̂1 − k2v(t − τ2)

k1
− c(t)v(t)

≥ γlL̂1

k1
−
(

cu +
γlk2c2

k1

)
v(t), for t large enough, (3.28)

then, from Lemma 2.2, we have

lim inf
t→+∞ v(t) ≥ γlL̂1

k1cu + γlk2c2
.

According to the first equation of system (2.2), we have

ẋ(t) = λ(t) + a(t)x(t)
(

1 − x(t)
K(t)

)
− µ(t)x(t) − β(t)x(t)v(t)

≤ λu −
(

µl − au +
βlγlL̂1

k1cu + γlk2c2

)
x(t) − al

Ku
x2(t),

which reduces that

lim sup
t→+∞

x(t) ≤ Ku

2al

[
Υ +

√
Υ +

4λual

Ku

]
∆= x̂, (3.29)

where Υ = µl − au + βlγl bL1
k1cu+γlk2c2

. By (2.9), we obtain

Ġ(t) ≤ β1(t + τ1)x(t)v(t) − δlc(t)
γu

v(t)

≤
(

βu
1 x̂ − δlcl

γu

)
v(t) < 0, if R∗ > 1, (3.30)
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which implies a contradiction according to the same reason in Step I. Thus, we
obtain lim inft→+∞ G(t) ≤ L̂1.

Step III. From (2.9) and Step II, we can find that G(t) > L̂1 is impossible for all
t ≥ t0, ∀ t0 ≥ 0. Thus, we have the following two possibilities:

(a) G(t) ≤ L̂1 for all t large enough.
(b) G(t) oscillates about L̂1 for all t large enough.

Similarly to the proof of Proposition 3.2, let t′1 and t′2 be large sufficiently such
that

G(t′1) = G(t′2) = L̂1, G(t) > L̂1, ∀ t ∈ (t′1, t
′
2).

If t′2 − t′1 ≤ τ + p1 + p2, then here

p1 =
k1

k1cu + k2c2γl
ln 4 > 0, µl − au =

λuβu
1 γu

R∗δlcl
− R∗alδlcl

Kuβu
1 γu

,

p2 =
1
2

√
Ku

b1al
ln

2
[
L + Ku

2al

(
R∗−1

2 · alδlcl

Kuβu
1 γu + 3R∗−1

2 · λuβu
1 γu

R∗δlcl

)]
ε2

,

b1 = λu +
Ku

4al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

)2

= λu +
Ku

4al

[
µl − au +

3
2
(R∗ − 1)

(
alδlcl

Kuβu
1 γu

+
λuβu

1 γu

R∗δlcl

)]2
,

ε2 =
1
2

{
δlcl

βu
1 γu

+
Ku

2al

(
R∗ − 1

2
· alδlcl

Kuβu
1 γu

+
3R∗ − 1

2
· λuβu

1 γu

R∗δlcl

)

−
√

b1Ku

al

}
. (3.31)

Note that

L̂1 < G(t) ≤ W (t) ≤ k1y(t) + k2v(t), ∀ t ∈ (t′1, t
′
1 + τ + p1),

then by the third equation of (2.2), we have

v̇(t) ≥ γl L̂1 − k2v(t − τ2)
k1

− c(t)v(t)

≥ γlL̂1

k1
−
(

cu +
γlk2c2

k1

)
v(t), ∀ t ∈ (t′1 + τ, t′1 + τ + p1). (3.32)
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Integrating the inequality (3.32) from t′1 + τ to t, we obtain

v(t) ≥ v(t′1 + τ) exp

(
−
∫ t

t′1+τ

(
cu +

γlk2c2

k1

)
ds

)

+
∫ t

t′1+τ

γlL̂1

k1
exp
(
−
∫ t

s

(
cu +

γlk2c2

k1

)
dθ

)
ds

>
γlL̂1

k1cu + γlk2c2

(
1 − exp

(
−
(

cu +
γlk2c2

k1

)
(t − t′1 − τ)

))
, (3.33)

then v(t) ≥ γl bL1
k1cu+γlk2c2

− ε1, for all t ∈ (t′1 + τ + p1, t
′
2), where

ε1 =
R∗ − 1

2βl

(
alδlcl

Kuβu
1 γu

+
λuβu

1 γu

R∗δlcl

)
> 0.

Using the first equation of system (2.2), we can obtain

ẋ(t) ≤ λu −
(

µl − au + βl · 3
4

γlL̂1

k1cu + γlk2c2

)
x(t) − al

Ku
x2(t)

= λu −
(

µl − au +
3
4

βlγlL̂1

k1cu + γlk2c2

)
x(t) − al

Ku
x2(t)

= − al

Ku

(
x(t) +

Ku

2al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

))2

+ λu +
Ku

4al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

)2

, (3.34)

for any t ∈ (t′1 + τ + p1, t
′
2).

Denote

u(t) = x(t) +
Ku

2al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

)
,

b1 = λu +
Ku

4al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

)2

,

from (3.34), we have

u̇(t) ≤ − al

Ku
u2(t) + b1 =

(√
b1 −

√
al

Ku
u(t)

)(√
b1 +

√
al

Ku
u(t)

)
, (3.35)
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we can integrate it from t′1 + τ + p1 to t, then

u(t) ≤
r

b1Ku

al

0
BBBB@

√
b1+

q
al

Ku u(t′1+τ+p1)
√

b1−
q

al

Ku u(t′1+τ+p1)
exp

„
2
q

b1al

Ku

`
t − t′1 − τ − p1

´«− 1

√
b1+

q
al

Ku u(t′1+τ+p1)
√

b1−
q

al

Ku u(t′1+τ+p1)
exp

„
2

q
b1al

Ku (t − t′1 − τ − p1)

«
+ 1

1
CCCCA

=

r
b1Ku

al
−

2
q

b1Ku

al

„√
b1 −

q
al

Ku u(t′1 + τ + p1)

«
Θ

≤
r

b1Ku

al
−

2
q

b1Ku

al

„√
b1 −

q
al

Ku u(t′1 + τ + p1)

«
„√

b1 +
q

al

Ku u(t′1 + τ + p1)

«„
exp

„
2

q
b1al

Ku (t − t′1 − τ − p1)

«
+ 1

«

=

r
b1Ku

al
−

2b1

q
Ku

al„√
b1 +

q
al

Ku u(t′1 + τ + p1)

«„
exp

„
2
q

b1al

Ku (t − t′1 − τ − p1)

«
+ 1

«

+
2
√

b1u(t′1 + τ + p1)„√
b1 +

q
al

Ku u(t′1 + τ + p1)

«„
exp

„
2
q

b1al

Ku (t − t′1 − τ − p1)

«
+ 1

«

≤
r

b1Ku

al
+

2
√

b1u(t′1 + τ + p1)„√
b1 +

q
al

Ku u(t′1 + τ + p1)

«
exp

„
2
q

b1al

Ku (t − t′1 − τ − p1)

«

≤
r

b1Ku

al
+ 2u(t′1 + τ + p1) exp

 
−2

r
b1al

Ku (t − t′1 − τ − p1)

!
, (3.36)

where

Θ =

(√
b1 +

√
al

Ku
u(t′1 + τ + p1)

)
exp

(
2

√
b1al

Ku
(t − t′1 − τ − p1)

)

+
√

b1 −
√

al

Ku
u(t′1 + τ + p1).

Therefore,

x(t) ≤
√

b1Ku

al
− Ku

2al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

)

+ 2

(
x(t′1 + τ + p1) +

Ku

2al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

))
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× exp

(
−2

√
b1al

Ku
(t − t′1 − τ − p1)

)

≤
√

b1Ku

al
− Ku

2al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

)
+ ε2

∆= x∆,

(3.37)

for any t ∈ (t′1 + τ + p1, t
′
2), where

ε2 =
1
2

{
δlcl

βu
1 γu

+
Ku

2al

(
µl − au +

3
4

βlγlL̂1

k1cu + γlk2c2

)
−
√

b1Ku

al

}

=
1
2

{
δlcl

βu
1 γu

+
Ku

2al

(
R∗ − 1

2
alδlcl

Kuβu
1 γu

+
3R∗ − 1

2
λuβu

1 γu

R∗δlcl

)
−
√

b1Ku

al

}
> 0.

Thus, from (2.9) and (3.34), we obtain

Ġ(t) ≤ β1(t + τ1)x(t)v(t) − δl

γu
c(t)v(t)

≤ β1(t + τ1)x(t)v(t) ≤ βu
1 x∆v(t)

≤ βu
1 γu

δl
x∆G(t). (3.38)

So

G(t) ≤ G(t′1) exp

(∫ t

t′1

βu
1 γu

δl
x∆ds

)

= L̂1 exp
(

(t − t′1)
βu

1 γu

δl
x∆

)
≤ L̂1 exp

(
(τ + p1 + p2)

βu
1 γu

δl
x∆

)
∆= c0. (3.39)

If t′2 − t′1 > τ + p1 + p2, then G(t) ≤ c0 for any t ∈ [t′1, t
′
1 + τ + p1 + p2]. When

t ∈ [t′1 + τ + p1 + p2, t
′
2), from (3.30) and (3.37),

Ġ(t) ≤ β1(t + τ1)x(t)v(t) − δl

γu
c(t)v(t)

≤
(

βu
1 x∆ − δlcl

γu

)
v(t) < 0, if R∗ > 1, (3.40)

then we have

G(t) ≤ G
(
t′1 + τ + p1 + p2

) ≤ c0.

Therefore, we have that if R∗ > 1, then there exists a positive constant c0 such
that G(t) ≤ c0 for all t large enough. We note that the expression of G(t) defined
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in (2.9), then

y(t) ≤ G(t) ≤ c0, v(t) ≤ γu

δl
G(t) ≤ γu

δl
c0, for all t > 0.

Thus we obtain lim supt→+∞ y(t) ≤ L̃1 ≤ c0, lim supt→+∞ v(t) ≤ L̃2 = γu

δl c0.

Remark 3.5. From Propositions 3.2 and 3.4, we obtain

q̃ ≤ lim inf
t→+∞ x(t) ≤ lim sup

t→+∞
x(t) ≤ λu

µl
,

q̃1 ≤ lim inf
t→+∞ y(t) ≤ lim sup

t→+∞
y(t) ≤ L̃1 ≤ c0

and

q̃2 ≤ lim inf
t→+∞ v(t) ≤ lim sup

t→+∞
v(t) ≤ γu

δl
c0.

This completes the proof of Theorem 3.1.

Next we present the sufficient condition for the extinction of both virus and
infected T-cells.

Theorem 3.6. If R∗ < 1, then any positive solution (x(t), y(t), v(t)) of sys-
tem (2.2) with (2.3) satisfies limt→+∞ y(t) = 0, limt→+∞ v(t) = 0, that is, the
disease in system (2.2) will go to extinction.

Proof. From R∗ < 1, there exists a small ε > 0 such that βu
1 γu

δlcl (L + ε) < 1, where
L is defined in Lemma 2.3.

By Proposition 3.4, we obtain that there exists a T 0 > 0 satisfied as t > T 0,
and

Ġ(t) ≤ β1(t + τ1)x(t)v(t) − δl

γu
c(t)v(t) ≤

(
βu

1 (L + ε) − δlcl

γu

)
v(t)

=
δlcl

γu

(
βu

1 γu

δlcl
(L + ε) − 1

)
v(t)

≤ cl

(
βu

1 γu

δlcl

(
λu

µl
+ ε

)
− 1
)

G(t).

Using R∗ < 1, we obtain Ġ(t) < 0, and limt→+∞ G(t) = 0. Thus we have

lim
t→+∞ y(t) = 0, lim

t→+∞ v(t) = 0.

4. Numerical Simulation and Sensitivity Test of R∗

In this section, we present computer simulation of some results of the system (2.1)
using MATLAB 7.0. Most of the parameters’ values are taken from Perelson and
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Nelson [25], Rong et al. [28], or smaller changes according to the corresponding
parameters of [5, 25, 28]. Consider the following system:

ẋ(t) = λ − µx(t) + ax(t)
(

1 − x(t)
K

)
− k(1 − (0.2 sin(4t) + 0.3))x(t)v(t),

ẏ(t) = k(1 − (0.2 sin(4t) + 0.3)))e−δ1τ1x(t − τ1)v(t − τ1) − δy(t),

v̇(t) = Nδ(1 − (0.25 cos(4t) + 0.4))e−δτ2y(t − τ2) − cv(t).

(4.1)

According to the expressions of R∗, R∗ in (3.1), we have

R∗ =
0.175KNke−δ1τ1e−δτ2

(
a − µ +

√
(a − µ)2 + 4λa

K

)
2ac
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Fig. 1. Time series of uninfected T-cell x(t) (see (a)), infected T-cell y(t) (see (b)), virus particle

v(t) (see (c)) in (4.1) with R∗ ≈ 5.75 > R∗ ≈ 1.32 > 1, respectively; (d) phase diagram of a
periodic solution of the model (4.1).
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and

R∗ =
0.765KNke−δ1τ1e−δτ2

(
a − µ +

√
(a − µ)2 + 4λa

K

)
2ac

.

Case (I). If we choose the parameters that λ = 10,000, µ = 0.01, k = 0.00006,
δ1 = 0.5, δ = 1, a = 0.2, N = 100, K = 2200, c = 3, τ1 = 0.25, τ2 = 1, from (3.1),
we have R∗ ≈ 5.75 > R∗ ≈ 1.32 > 1; then, from Theorem 3.1 we know that the
system (4.1) is permanent (see Fig. 1).

Case (II). If we choose the parameters that λ = 10,000, µ = 0.1, k = 0.0003,
δ1 = 0.5, δ = 1, a = 0.2, N = 100, K = 2200, c = 25, τ1 = 0.25, τ2 = 1, we have
R∗ ≈ 0.75 < 1 < R∗ ≈ 3.29; this example is to show that even if the conditions of
Theorems 3.1 and 3.6 do not hold, system (4.1) still may be permanent (see Fig. 2).
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Fig. 2. Time series of uninfected T-cell x(t) (see (a)), infected T-cell y(t) (see (b)), virus particle

v(t) (see (c)) in (4.1) with R∗ ≈ 3.29 > 1 > R∗ ≈ 0.75, respectively; (d) phase diagram of a
periodic solution of the model (4.1).
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Case (III). If we choose the parameters that λ = 10,000, µ = 0.1, k = 0.00002,
δ1 = 0.5, δ = 1, a = 0.2, N = 100, K = 2200, c = 25, τ1 = 0.25, τ2 = 1, from (3.1),
we have R∗ ≈ 0.22 < 1, then, from Theorem 3.6 we know that the disease in the
system (4.1) goes to extinction (see Fig. 3).

Obviously, R∗ ≈ 4.37R∗, thus, in the following, we will analyze the relationships
between R∗ and some coefficients in our model (4.1) with parameters in Case (I). By
numerical analysis (see Fig. 4), we obtained a threshold value for some parameters
in system (4.1) such that R∗ is 1. Specifically, when λ < λ∗ or k < k∗ or N < N∗,
R∗ is less than 1 by plotting the change of R∗ as a function of one parameter (all the
other parameters were fixed). When a (or δ or τ2) is greater than its corresponding
threshold value, R∗ is also less than 1. Thus, the virus is predicted to be cleared in
these cases.
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Fig. 3. Time series of uninfected T-cell x(t) (see (a)), infected T-cell y(t) (see (b)), virus particle
v(t) (see (c)) in (4.1) with R∗ ≈ 0.05 < R∗ ≈ 0.22 < 1, respectively; (d) phase diagram of the
extinction solutions of the model (4.1).
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Fig. 4. The relationships between R∗ and λ, k, N, a, δ, τ2.

5. Conclusion

In this paper, a non-autonomous HIV-1 infection model with delays is investigated.
Usually, the non-autonomous systems do not have any disease-free equilibrium and
endemic equilibrium. Many methods to study autonomous systems may not be
suitable to the non-autonomous cases. Therefore, the dynamical behaviors may be
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more difficult to study than autonomous system. In our present system, we have
established some new threshold values R∗ and R∗, and further obtained that the
disease will be permanent when R∗ > 1 and the disease will be going to extinct
when R∗ < 1 by introducing the persistence theory and oscillation theory. We
also obtained threshold values for the parameters λ, a, k, δ, τ2, N . These values are
important in determining if the virus can be eradicated from infected individuals.
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