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ARTICLE INFO ABSTRACT
MSsC: HIV-1 infection and treatment may occur in the non-constant environment due to the time-
34C25

varying drug susceptibility and growth of target cells. In this paper, we propose a within-host

;‘21?:? virus model with rpultiple stages for infected cells under tirpe—varying environments, to study
92060 how the multiple infected stages affect on the counts of viral load and CD4*-T cells. We es-

tablish the sufficient conditions for both persistent HIV infection and clearance of HIV infec-
Keywords: tion based on two positive constants R,, R*. When the system is under persistent infection,
Time-varying we further obtained detailed estimates of both the lower and upper bounds of the viral load
Multiple infected stages and the counts of CD4+*-T cells. Furthermore, numerical simulations are carried out to verify

Within-host virus model
Permanence and extinction
Viral load

our analytical results and demonstrate the combined effects of multiple infected stages and
non-constant environments, and reflect that both persistence and clearance of infection are
possible when R, < 1 < R* holds. In particular, the numerical results exhibit the viral load
of system with multiple infected stages may be less than that with single infected stage, and
simulate the effect of time-varying environment of the autonomous system with multiple in-
fected stages. We expect that our theoretical and simulation results can provide guidance for
clinical therapy for HIV infections.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Over the last two decades there has been extensive research on modeling and analysis of the human immunodeficiency
virus (HIV) infection (| 1-4,5-9]). Most HIV infection models focus on the single-infected stage for infected cells. The standard
technique for developing mathematical descriptions of HIV infection between virus particles and uninfected CD4+ T-cells is
to model the system with single-infected stage as a set of autonomous ordinary differential equations. This approach has led to
many insights into the factors that affect HIV infection and control. The infection remains asymptomatic for years, the population
of CD4*-T cells falls to low levels and the virus load sufficiently increases leading to the development of AIDS. However, it is very
important to establish an appropriate HIV model for HIV antiviral therapy and control, thus consideration of following factors
should attract more attention.

Firstly, multiple infected stages and treatment for infected cells are more interesting. As noted in [11-21], they investigated
that an infected individual enters the first infectious stages at the moment of infection and then progresses through all these
stages until the last one, with the infectiousness of a person depending upon his current disease stage. In [17], Hyman et al.
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suggested that some infected individuals could pass through four infection stages: (1) the highly infectious acute stage in the first
few weeks; (2) the low infectivity early chronic stage; (3) the high infectivity late chronic stage; (4) the AIDS stage. And Sedaghat
et al. [21] established two-stages infection model based on three different kinds of levels of virus during the chronic phase of
infection. Samanta [20] investigated a non-autonomous stage-structured HIV/AIDS epidemic model with two stages between
HIV/AIDS patients not the host cells in the body, established some sufficient conditions on the permanence and extinction of
the disease, and obtained the explicit formula of the eventual lower bounds of infected individuals. Thus, additional multiple
infected stages and treatment for infected cells are important and realistic to model for HIV-1 pathogenesis and drug treatment
dynamics.

On the other hand, the non-autonomous phenomenon, are familiar features in virus infection models, such as varying in-
fection rate (see [22-29]), and especially the periodic drug therapy and periodic drug effectiveness, occur in many realistic
within-host models, relevant to our study here are the works [30-34] and so on.

Motivated by these factors above, especially multiple infected stages were introduced in the non-autonomous HIV infection
model, to give a more appropriate model and better understanding of the antiretroviral drug during HIV-1 virus infection. Our
primary goals of this paper are to establish such precise estimates of the viral load using the lower and upper bounds of coeffi-
cients, and to investigate what happens if the model including multiple infected stages.

In this paper, we will provide some sufficient conditions on the permanence and extinction of system (1), which are different
from the popular technique of uniform persistence theory to address the virus dynamic system in a periodic environment [38].
To our best knowledge, if the system is a periodic system, we can obtain the threshold values by using the theory of uniform
persistence for periodic systems developed by Prof. Xiaogiang Zhao (see [10,25]); if the system is almost periodic without delay,
then the conditions of the threshold values may be weakened, as shown in [28]. Our system is a general non-autonomous model
(not necessarily periodic) with multiple infected stages. The standard techniques to address periodic (or almost periodic) sys-
tems, such as the basic reproduction ratio derivation and the persistence theory of periodic (or almost periodic) systems, are not
applicable here. Fortunately, the analysis techniques in [34] (with single-infected stage) provided a tool so that one can do this
simple non-autonomous HIV infection model, which make it possible for us to consider the model with multi-stage infection
and treatment. Thereupon, the research of non-autonomous HIV infection model multiple infected stages is not only interesting
but also necessary, and more challenging than the single-infected stage [34].

This article is organized as follows. The next section presents a non-autonomous HIV-1 model with multiple infected stages
and gives some preliminaries lemmas. Our main results on permanence and extinction of system (1) are completely determined
by the threshold values and obtained in Section 3. In Section 4, numerical simulations are considered to illustrate our main
results. We also investigate the impact of multiple infected stages on HIV infection through the sensitivity analysis of R, and
comparisons between delayed non-autonomous HIV-1 models with single-infected stage and three infected stages. A brief con-
clusion is given in Section 5.

2. Model formulation and preliminaries

HIV replication cycle may contain much stages, such as reverse transcription, integration, assembly and viral release and so
on. Different drug classes act on specific stages. A comprehensive model including multiple stages may be more accurate in
studying the dynamics of HIV decay under treatment from different drug classes. There are some clinical and experimental data
that show that drugs acting on later stages of viral replication cycle may lead to a more rapid viral load decline. A model including
two stages have been developed to study the dynamics under treatment in Sedaghat et al. [21]. They showed that the stage in the
HIV-1 life cycle at which a drug acts may affect the observed decay dynamics, which is the later in the life cycle an inhibitor acts,
the more rapid the decay in viremia. In this section, based on the works of [11,17,21,35-37], we formulate a general multistage
infection progression model between uninfected CD4*+ T-cells and virus particles which traverses n different stages during its
life-cycle. We distinguish the host populations into the following compartments: uninfected cells x(t), a succession of infected
cellsy;(t), i=1,2,...,n, whose members are in the ith stage of the infection progression, and virus particles v(t). Based on the
above assumptions and Section 1, a non-autonomous HIV-1 model with multiple stages for infected cells can be considered as
follows:

X(t) = A(t) — u(0)x(t) — BEO)x(E)v(t),

y1(t) = BOx(E)v(t) — ki (O)y1(8),

Y2(t) = ki (O)y1 () — ka (£)y2(1),

V3(t) = ka (£)y2(t) — ks (t)ys3 (1), (1

Ja() = Frs OYnr (6) — k(O (),
() = Fn (€Y (0) — SOOVCE),

where
ki(t) = ki(t) + 8 (t), ki(t) = (1 —ept)Dki(t), i=1,....n—1,
kn(t) = (1 —ep(E))N(©ky (t),  B(E) = (1 — egr(t))k(t), (2)

and the meanings of functions A(t), u(t), k;(t), 8;(t) i=0,1,..., n), k(t),8(t), N(t), egr(t), ey(t) and epy(t) appeared in (2) are in
accordance with the corresponding autonomous system parameters A, i, kj, k, 8, N, &gr, € and epy, respectively.
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The initial condition of system (1) is given by
x(0) >0, y;(0) > 0forsomeiec{1,2,...,n}. (3)

In the following, we will give some assumptions and notations for system (1)

(A1) Functions A(t), u(t), B(t), k;(t), 8;(t), k;(t) (i=1,...,n) and §(t) are positive continuous bounded and have positive lower
bounds.

(Ay) If f(t) is a continuous bounded function defined on [0, +cc), then we set

f'=liminf f(t) f*=limsup f(t).
t—+o00 t—+o0

Definition 1. The system (1) is said to be permanent if there exists positive constants qg, §i, ..., g1 and fo, Zl, . ,fn+1 such
that

Qo < llm mfx(t) < limsupx(t) < Lo,

t—+o0

g < liminfy,-(t) < llmsupy,-(t) <L, i=1,2,....n

Gnit < llmlnfv(t) <limsupv(t) < Ln+1,

t—+4o00

hold for any solution (x(t), y1 (t).....ya(t), v(t)) of system (1) with initial condition (3). Here qo. q1. - - -, @n1, fo, f1, o fnﬂ are
independent of (3).

Lemma 1. (/38]) Consider the following non-autonomous linear equation
w(t) = A(t) — pn(OW(). (4)
Suppose that assumptions (A;) and (A,) hold, then we have the following result:

(i) Denote the ultimate limit of all the solutions of Eq. (4) with the initial value w(0) > 0 by w*(t), where w*(t) is bounded and
globally uniformly attractive on R,.
(ii) There exist m,M > 0, such that m < 11m1nfw(t) < limsupw(t) < M.

(iii) If u(t) > O for all t > 0 and o
A(t)

0) < limsup —=% < +o0,

Ht) = tsgeo p(E)

then for any solution w(t) of Eq. (4) with the initial condition w(0) > 0, we have

liminf =—% A0 (Mt)>’ < lgmjan(t) <limsupw(t) < (Mt))“ limsup —= A(6)

0< llITl mf

wu(t) > too () oo L)
Lemma 2. The solution (x(t),y1(t),...,yn(t), v(t)) of system (1) with initial condition (3) is positive and bounded for all t > 0.

Proof. Since the right hand side of system (1) is completely continuous, so the solution (x(t), y1(t), ..., yn(t), v(t)) of (1) with
initial condition (3) exists and is unique.
By system (1), we obtain

t
X(t) = x(0)e~ o E+BE)ds | [ A(s)eR @-+BOWO) g
0

r [ S
Y10 =31 @e a8 1 [ poxus)er @vas
0

t tN 'S
V() = y;(0)e s ks / ki (S)yia (s)elk@dds  i—23 n.
0

ot [ s
V() = v(0)e 5O 4 / Kn (5)yn (5)el 3@ s,
0

Similar to Lemma 2.3 in [34], we easily obtain x(t), y; (t), ..., ya(t), v(t) > 0 for all t > 0 since x(0), y1(0), ..., yn(0), v(0) > 0.
Now, we will show that (x(t), y1(¢t),...,yn(t), v(t)) are bounded for all ¢t > 0. Let

Bk, Pk,
ﬂuy1(t)+ 250 ku)’z( )+ 2Bk

| n-1 kl 1 n k
e o T s e s T1( v )

i=1

H(t) = x(t) +

——=y3(t)
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Then, we can compute the time derivative of H(t) along the solution of (1) as follows:

B! ki

H(t) = A(t) — p(Ox(t) = BOXOV(E) + Zo[BOXEOVE) — ki (Oy1 ()] +

[k ()y1 (£) — ko (£)y2(6)]

:Bu 2Bt ]N
ﬂll 1 ,BI n— kf
Zzﬂ“I“k“[k 2(0)y2(t) - "3“”3“)”“*2:11‘&’5(@ x [kn1 (©)Yn_1(6) = kn ()Y (0]
Lok
+21n % n( . )[k (O)yn(t) = (t)v(t)]

I I n=2/pl
< () - p(OX(E) - Z‘Zuk’lyl(w . ’;ku Kya () ---—2,11-5,-1‘[<E;‘)-1<L_1yn1(r>

i=1
| n-1 K [ n ]
5o T1() 055 - T1( 2 oo

i=1 i=1

< A(t) —oH(0), (7)
h . 1 I(ll klz k’ i
ereo =min{u', . 4...., <. 6'}. By (7) and Lemma 1, we have
)“u
limsupH(t) < P (8)
t—+o00

Thus, we easily have that

u ~
limsupy; (t) < BUA & L

t—+4o00 ,BI
. 28U\ k ~
1 t L 2,
lgfipyz( ) < o k,

2n-1gu)u n-1/p A~
limsu t) < L) =L,
ne wpyn( ) < ,3’ ,l_!<kf> n
. Z"ﬁ”k“ n-1 ky A~
limsupv(t) < —— L) =L
[%+wp (t) < Blo D kg n+1

where 2 means “is defined as”.
Furthermore, from the first equation of (1), X(t) < A(t) — w(t)x(t) < A¥ — u!x(t), which implies that
u

limsupx(t) < )L—
wul

t—+o00

2 To. (9)

So, x(t),y1(t), y2(t), ..., yn(t),v(t) are bounded for all t > 0 since H(t) is bounded for all t > 0 since H(t) is bounded. This
completes the proof of Lemma 2. O

Lemma 3. The solution (x(t),y;(t), ..., yn(t), v(t)) of system (1) with initial condition (3) satisfies
liminfx(t) > qo, (10)
t—+oo

where

AO) ]

D= B n K\ pu
(0 + 21 (0) - Flg (k ) I

Proof. By Lemma 2, for any € > 0, there exists a t; > 0 large enough such that

ongu ku AU
u(t) < B H(k’) +e&, t>t.

i=1
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Thus, by the first equation of system (1),

on kLl
X(t)zk(t)—[u(tHﬂ(t)( ﬁff H(H>A+8>:|x(t), t= 1t
i=1 i

which means that ltim +inf X(t) > qo. This completes the proof of Lemma 4.

Define
ky Uy
W(t)—yl(t)+k,yz(t)+l~}]~,2y3(t)+ H( )w(t)ﬂ‘[(ﬁ,)v(t) ()
and
< kLK, k! e
G(t) =y1(t) + =Lya(t) + =2 ys(t) + - +H I ZIGES | = v (12)
k Ill kit i1 LKk
O
Thus, we obtain the following Lemma.
Lemma 4. For any t large enough, then we have
(i)
W(t) < a1y1(8) + azy2(t) + -+ + anyn (t) + av(t), (13)
where
LLyaT (kb
a; =1, aj:l_[<~’>, i=2,3,...,n, a:H(J).
i1 \ ki i1 \ ki
(ii)
G(t) < b1y1(t) + baya(t) + -+ + bnyn(£) + bv(t) < W(0), (14)
where

k’ Ly
1

bi=1, b,»_||<k> ji=2.3,. b=|[(Eu).
i=1 i=1 i

3. Permanence and extinction of system (1)

Denote

B ne) <=5 ()
L= . L) Rr= . L. (15)
3“#” E klu SIMI E k%
Then we have the following theorem.

Theorem 1. The system (1) with initial condition (3) is permanent provided that R, > 1. Namely, we have the following results:
@ < liminfy; (t) < limsupy; (t) < L;,
{—+o0 t—+o0
G> < liminfy (t) < limsupy, (t) < I,
t—+o0 t—+o0

g3 < liminfys(t) < limsupys(t) < Ls,
t—+o0 t—+o0

Gn < liminfy, (t) < lim supyn(t) < Ln,

Qni1 < llmmfv(t) < limsupv(t) < L,m,

t—+00
where g; and Ll-, i=1,2,...,n+1aredefined in (43), (44) and Lemma 2, respectively.
Proof. Combining with Lemma 2 and the following Proposition 1, we will complete the proof of this theorem. O
Proposition 1. IfR, > 1 holds, then for any positive solution (x(t), y;(t),...,ya(t), v(t)) of system (1) with (3), we have
l}mriollfyi(t) >q, i=1,2,...,n lignjgfv(f) > qnyt, (16)

where Gy, Gz, - . ., qn and Gy are defined in (43) and (44).
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Proof. Here we only show that it is true by the following four steps.
Step I. We will prove that for any solution of system (1), there exist

Q1=min{;ﬂ )1_[( H,A) Zﬂ”a(R _1)5(%)}

1t ™ k§+1
q2 = Zﬂu]u(R*il)l_[ F ,

i=2
1 M”(S’ k!
q4==— (R, - 1)L
qn-1 2 ﬂuku( )k37]
1 pts!
R, —1),
qn = ) ﬁ”k”( )
ke 2 ks n2 (g \ ot g
_1+]lkl+l_[ PP +”'+l_[ P +l_[ i ’ (17)
i=1 <1 i+1 <1 <z+1 i <1+1
such that limsupy;(t) > q;, limsupy,(t) >qs,..., limsupy, (t) > qn, respectively. If they are not true, without loss of gen-
t——+o00 t—+o0 t—+4o00
erality, we assume that lim sup y; (t) < g1, from the third equation of system (1), we have
t—+4o00

V2(t) = ky ()1 (t) — ka (£)y2(£) < ki gy — Kby (¢),

by Lemma 1, limsupy; (t) < Z—?ql. Similarly, from the last (n — 1) equations of system (1), we get
t—+4o00 2

. ’Izlﬁég . n-1 ’I\(‘? . n-1 , k”
limsupys(t) < —-2qi, ..., limsupy,(t) < ]_[ = )a, limsupw(t) < ]_[ Y .
k2k3 t—+o00 k ll+l 8

t—+o0 l+1 t—+o0

Thus, by the first equation of system (1), we obtain

n-1 ]Nu u
R(0) = A(0) = LOXO) — BOXOVE) = A = [/ﬂ +8 @] ( - ) (" )}x(t)
i=1 i+1
it follows from Lemma 1 that

1
lim infx(t) = » 2 h(qy). (18)

w By H (,f‘ )(%)

Note that the definition of W(t), we obtain

W(t) = BOx(OV(E) + kl ki (Oy1(6) = ki (D1 (6) + ;: k’z ko (0)y2(6) — kz(t)}/2(f) +-
1 1 2

n-1 ku n k
+1‘!<k’)[tykn(t)yn(t) kn(t>yn(t>} H(E;)S(t)v(r)

i=1

> BOxXOV() — ]_[< >5(t)v(t)

1

n ku
> <ﬂ’h(q1) - H(E’)S“)v(ﬂ >0, (19)
i=1

from (15),(17) and (19), then

W(t) >

pr R
Z( FER-D H(?)‘S)“(”

\
=
2| >
1
|
Ivj:
N
=7
N~
>
=
<
~
—
N
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=5Uﬁ KAR 1,1y~ 0. ifR > 1 (20)
i=1 kf R, +1 7 ’ ’

which implies that W(¢) is increasing, using Lemma 4, W(t) is positive bounded, so there must exist a constant W* > 0 such
that W(t) - W* when t — +o0, which means that W (t) — 0 when t — +o0, this reduces that v(t) — 0,y(t) - 0 as t — +oc. So
W(t) — 0 ast — +oo, which reduces a contradiction. Thus lim sup y; (t) > q;. Similarly, we can easily obtain

t—-+oo

limsupy,(t) > q>, litm supys(t) > qs, ..., litm supyn(t) > qn.
— 400 ——+00

t—+o0

Step II. Secondly, we will show that there exists a constant y = aq,e~"+2P%" = 0 such that W(t) > y.
By Step I, we obtain that for any ty > 0,

Kkt 2 [ gy n=2 ( juju n-1/ ufu
wio) < ]+~111]+1_[ ~1111 +"'+H ~z'11 +1_[ "‘zlll q1éaq]
Kk i kikM i1 kiki+1 i1 kiki+1

is impossible for all t > t,. Hence, we will consider the two possibilities as follows:

(i) W(t) > aqy for all t large enough;
(ii) W(t) oscillates about «qq for all t large enough.

Obviously, we only need to consider the second case. Let t; and t, be sufficiently large times satisfying
W(t) =W(t) =aq, W) <aq, Vte (b)),
Ift, — t; < 2p, where

1 4R

From (11), we obtain

> 0. (21)

p

Lk
I1 T JOSWEO <aq, Ve .h),
i=1 \ K

i

that is

n ’i{'l
v(t) < aq; l_[(k:’) Vt e (t1. t).
i

i=1
It follows that from the first equation of system (1), we get

X(t) = A(t) — uw(Ox(t) = BOX()(H)

n l
> Al - (““ + plaq: H(,ﬁ))qu Vt e (t1,t). (22)

i=1
For any Vt € (tq, t), integrating the inequality (22) from t; to t;, we have

t n 1
x(t) = X(tl)exp<—/[ <u“+ﬂ“aq1 H(,L

k ‘ 1 ‘ u u - ”;:
[{ % ))ds) +/r] A exp(—/S (,u +B ozq]ll}(,(?))dG)ds
2 n El.
> W Lkl u”+ﬁ“aq1]_[<k;> t-t) ) (23)
pt+ Braq I1 (,7> =

i=1

Thus, we have

I
x(t) > A I &0 2 XA >0, Vte(t;+p t), (24)

n ]
ut + Brogy 1 (r)
i=1 !

where

1 K\R,—1 1A' R,—1
80—2,1_[(%5)13*“ T 2uUR.(R,+1) = 0.
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According to (11), (17) and (19), we further obtain

(ﬂ x(t) — H( )8“)v(t) > —H(I;;)S“v(t)
i=1

—S'W(t), Vte (. t). (25)

W(t)

%

\%

Noting that t; —t; < 2p, then

W () > W(t)e 2% = ggued" ¢ > aqe 2" 2y (26)

Ift, — t1 > 2p, clearly, when't € [t1, t; + 2p], W(t) > y holds; when ¢t € [t; + 2p, t5], from (19),

W(t) = B(Ox(t)(t) — H( >8(t)v(t)

l

n u
> (,B’XA - l_[(llic')ﬁu)v(t) >0, ifR.>1,
i=1

then we have
W(t)=W(t +2p) =y, Vielt+2pt]
Therefore, if R, > 1, then for all ¢ large enough, we obtain W(t) > y > 0, this means that
a1Y1(t) + QY2 () + -+ + anyn (t) +av(t) = y > 0. (27)

Step IIL. Next, we will prove that there exists

7= B'aoy _ Blaokty _ KKK Blaoy
- ac ’ 1= (16(116] ’ 2= '];l aq 026162 ac ’
Vno1 = ki \n-2 (K3 Yn-r ka o\ T K ,35103/
" K, K, o k’nf2 Pl aic;
such that

lim jorlfﬁ (t) =lim +ior<1>f(a1 Y1(t) + a2 (t) + -+ apyn(t)) > ¥ > 0,
l;glggfwl (t) = lgglggf(azyz (€) +azy3(t) + -+ anyn(t) +av(t)) > y1 > 0,

lgglgg)fﬁ/z (t) = lgglggf(aaya (€) +agya(t) + -+ anyn(t) +av(t)) > y2 > 0,

lim +infvT/n_1(t) = liminf(ayn (t) +av(t)) > yn-1 > 0.
(28)

In fact, we denote

(i)

u

kU t k l
P](t)=Y1(t)+Ei<YZ(t)+ f l<1(s)y1(s)ds> = <Y3(f)+ f kz(s)}’z(s)ds)

1

n-1 k;’l t.
+1;[ &) o+ /t Kn_1 (5)Yn_1(s)ds ). (29)
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by Lemma 4, then we get
Pi(t) = y1(t) + azy2(t) + azys(t) + - + anyn(t)
< ary1(t) + ay2(t) + azys(t) + -+ anyn (t) = P (0),

and
u

ki ks
Pi(t) = Pi(t) = BOXOV(E) — ki ()1 (£) + ~] ke (Oy1 (6) + E = 2]y (£)ya (1)
l

kY
_,I%kz(t)yz(t)-i- H( )(kn HE)Yn1 () — kn(©)yn(0))
1

n-1 kv
> BOXOV(E) — H(%)kna)yn(r)

i=1
n-1 ku
> Blgov(t) — H(ﬁ)kﬁyn(t) (30)
1= 1
It follows from (27) that
Y — (@y1(t) + azy2(t) + -+ anyn(t))

v(t) > 0
So, we have
nl /g
By = B9 P90 0y 1) 4 o) + -+ auyn(0) - H(T',)knyna)
i=1 i
2 B9 B0 01y, 1) 4 aaya(©) +-+ 0101 0) - (’3 k#)anyn(o
I ~
- PV o)
where
1 1 1
C:max{ﬁqo R ﬂqO} _ B g
a a a

which implies that ljminfP (t) = By _ 3 then
@y1(t) + @y (t) + -+ anyn(t) = V. (31)
(ii) Next, we denote

ki ki Ky
VA) = Zya(©) + it (y3<r>+ f k2<s>y2<s>ds>

1

+ 1‘!(%,) <y4<t> + [T, (s)ds) + 1‘[<~) (v(t) + [T, (s)ds). (32)

i=1
Similarly, by Lemma 4, we have

k kit
Wi (t) < PYz(f)+03Y3(t)+a4Y4(f)+ +an}’n(f)+l_[<k )V(f)

1 i=1

a2y (t) + asy3(t) + agya(t) + - + Qnyn (t) + av(t) = Wy (t),

/\

IA

and

o k“ Kt
Wi (t) = Wi (t) = ~1 (ki (Y1 (6) — k2 (D)y2(D) + ~ T f(kz(t)yz(t) ks (©)ys(t)) + -

1 )

+ ]_[( )(kn 1(6)yn- 1(t)—kn(t)yn(t))+]_[<l )(kn(t)yn(t)—S(t)v(t))

i

yal(t )+ == (k Y2(t) — k3ys(6)) +- H( )(knyn(t) = 8'v(t))

U

kl k
Kby, (t) —
k] Wit

n lu
> Kiyq (t) — H(é)c?“v(t), (33)

i=1



128 X. Wang et al. / Applied Mathematics and Computation 266 (2015) 119-134

it follows from (31) that

Y — (G2y2(t) + asys(t) + - - - + anyn(t))
aq ’

yi(t) =

thus we have

W (t)

Ky kY e
> - a(az}’z(f) +azys(t) + -+ aya () — [ ] ?1 s'u(t)

a
1 i=1

kiy kY y

> 0 a(az}’z (t) +azys3(t) + - + apyn(t)) — 8%av(t)
k¥ ~

> cllly — Wi (t).

U
where ¢; = max{l‘%, &4}, which means that
N kiy lqokt
liminf W, (t) > &Y ’3%7;” EY
t—+o00 a1 aasccq
(iii) Denote

K4k to 4 /gy £
Wa(0) = 2yt +1‘[( )<y4(t>+ [ k3($)}’3(5)d5>+1_[<~'1> (y5<r>+ | k4<s>y4<s>ds> "
1K t i t

'_ t. n klu £
+ H(E,) (yn(o + [ o (s)yn_ms)ds) + H(E,) (v(t) + kn(s)yn(s)ds).

i=1
Using Lemma 4, we have

uj.u

Wao) < ;;‘ ya(O) + agya(0) + - +anyn<r>+1‘[<~')v(t)

1

< @3Y3(t) + Aaya(t) + -+ + QaYa (£) + av(t) 2 Wy (t),

and
kY K4\ ~
Wa(t) = Wa(t) = IN = (kz(t)h(f) —ks(O)ys(t)) + H(ﬁ)(’@(f)%(ﬂ —ka(O)ya(®)) + -
+ l_[( )(kn 1(O)Yn—1(t) — kn(£)yn(t)) +]_[<~'l>(kn(t))’n(t) —3(v(t))
k”l“
2y, (0) - 1‘[( )8“ v(0).
Noting that (35), then
Va(t) > y1 — (a3y3(t) + 04}’4(f)a:- A Apyn(t) +av(t)) .
So, we have

- kikiy KKy n (K
W) = <270 215 (a5 () 4 @aya() + -+ Gy (8) + av(t)) - H(g)éuv(t)
kyaz k1 2 io1 \ ki

kﬁ'kg V4!

v

. ATAB)
kiay

where ¢, = max{

KUKY KU KY et
, =2+ 8”} = €1 <2 + 84, by Lemma 1, then we obtain
klﬂz ki ay 1

l I Iu Zku
lim mez(t) ki _ A qo(c)izy A,
"1‘12C2 a Kl Laa;cicoc
(iv) Denote

3 /ku t. no/ku t
Ws(t) = ]_[<~'l>y4(t) + ]_[<~’,> (ys(t) +/ k4($)y4(5)d5) + ]'[(%) (wt) +/ kn(S)yn(S)dS>.
i1 \Ki ki g i1 \ ki !

(34)

(35)

(36)

(37)

(38)
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Thus, by Lemma 4, we have

W5 (1) < agya(t) + asys(t) + - + anyn(t) + av(t) 2 W5(t),

and
kukuky m kY
Ws(t) = Ws(t) = ~-23y50) - [ = )8*v()
kil i1 VK
2
k3ya o~
—== —c3W5(t),
H(k’) o 3W3 (1)
where

which implies that

~ 2 k ku)/z A
liminfWs(t) > =
imin 3(t) > i|=1| < kﬁ ) 06 V3

Similarly, one by one we have

P\ Kivs a
E)_n,
ku k
z)V 5

1
i

~ 3 u
liminfWy (t) = liminf(asys(t) + - - - 4+ anyn (t) + av(t)) > ]‘[(k
t—+o00 t—+4o00

lim +infvT/5 (t) = liminf(agys () + -~ + anyn (6) +av(t)) =

~ RN K Vs a
lim ggf Wi 2 (t) = lim ggf(amym () + anyn(t) + av(®)) = [ | (~) = = Va2,

1 ]5 n—2Cn—2

o~ . n2 i ¥Vn2 a
lim Jngm (t) = lim Jrlgf(an}’n (t) + av(t)) > E ( ’<§ ) PR

Step IV. In this step, we will show that
lim infv(t) = qnsa.
where
- 1 Kl VA
ne1 = 2 g,8u + kla
If (41) is not true, then

lim infv(t) < Qo1

129

(39)

by the definition of inferior limit of v(t), we obtain that there exists a time-sequence {t,}°° ; such that v(tp) < Gps1. th —> +o0as

n— oo.
From Lemmas 2, 3, 4 and Step III,

Wn—l(tn) = AnYn(tn) + av(ty) > Yn_1,
thus
_1 — av(t
Yn(tn) = anai(n)’

n

from the last equation of system (1), we obtain
U(tn) = kn(62)y () — 8 (En)V(tn)

_7‘“}“") —8(tn)u(ty)
n

K () V1
kfﬁ’n—l Sty & oot
an n n+

v
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KLy ' + Kia 1 KL Y1
T Op Qn

2 q,8" + kba
= an);n—l > 0.
n

According to (42), we will consider three cases as follows:

(42)
(i) If v(ty) oscillates about Gy, 1, obviously, there exists a subsequence {tn].} such that b 4o asj — oo, and v(tnj) =0, thenit
is a contradiction since (42) holds.

(ii) If v(tn) < Gnyq and v(ty) is ultimately increase monotonically, from (42), then there exist Tp > 0 such that v(T,) —

~ . . ‘ . . .

v*(constant) < qp4q asn — oo, 50 ¥(Ty) = 0 as n — oo, but ¥(T,) > k“zy"” > 0, this reduces a contradiction.

(iii) If v(tn) < @uyq and v(t,) is not ultimately increase monotonically, for any T > 0, 3ty > T such that such that #(t;) < 0 and
V(tT) < (ny1. this contradiction again. Therefore, we have

liminfv(t) = Gns1.
Step V. Finally, we will show that

liminfy, (t) > q;, liminfy,(t) > ¢,, ..., liminfy,(t) > Gy,
t—+4o00 t—+4o0 t—+o0
where q;, §3. ..., . are defined in (43) and (44).
From the second equation of system (1) and Lemma 4, for all t large enough, we get y;(t) = B(t)x(t)v(t) — k1 (t)y1(t) >
Blaons1 — K4y1 (t), according to Lemma 1, which implies that

Iy 5 1 Tl
liminfy, () = B'40Gnir _ 180 Knvns
— 400

- PP (43)
ki 2 K govila M
where
Vo1 = lﬁ n-2 Ej n-3 5572 ﬁ ki @
kl] klz k£1—2 i1 a;C; ac '’
y = agqe P,

and qq, g;, a, C, ¢; are defined in (10), (13) and Step III, respectively.

From the third equation of system (1) to the (n + 1)th equation of system (1), we have
. Ell G A~
lim +lor;fyz ) = T Q2.

o P 7<Jlll~<'2~ A~
lim +lgfyz (34 =

ki kuky 0=

. e E ~ A~
I:Tlorgfyn(t)z]_[ o )4 =G

i=1 i+1

according to the methods of Theorem 3.2 in [34], we establish the sufficient conditions for the clearance of virus.

O
Theorem 2. If R* < 1, then any positive solution (x(t),y(t),...,yn(t),v(t)) of system (1) with (3) satisfies rliT yi(t) =0, i=
— +00
value w(0) > 0.

1,2,...,n, tliT v(t) =0, and . liT |x(t) — w*(t)| = 0, where w*(t) is the ultimate limit of all the solutions of Eq. (4) with the initial
— 400 —+00

4. Numerical simulations

In this section, we present computer simulations of some results of the system (1) using MATLAB 7.1. Most of these values are
taken from Perelson and Nelson [5], Rong et al. [33]. To confirm our theoretical results, let us consider the following non-periodic
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Fig. 1. Dynamics of uninfected cells x(t), first stage of infected cells y;(t), second stage of infection y,(t), last stage of infected cells y3(t) and viral load v(t) in (45):
(a) with initial value (20000, 8000, 8000, 8000, 5000) and R, ~ 1.836 > 1; (b) with initial value (10000, 30000, 30000, 30000, 50000) and R* ~ 0.64 < 1.
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Fig. 2. Dynamics of uninfected cells x(t), first stage of infected cells y;(t), second stage of infection y,(t), last stage of infected cells y3(t) and viral load v(t) in
(45): (a) with initial value (20000, 8000, 8000, 8000, 5000) and R, ~ 0.266 < 1 < R* ~ 2.61; (b) with initial value (1000, 3000, 2000, 5000, 4000) and R, ~ 0.199

<1 <R~ 2455.

within-host virus model with three infected stages (that is, n = 3 in system (1))

X(t) =X — ux(t) — B(1 —a(0.5sin(0.5t) + 0.6))x(t)v(t),

y1(t) = B(1 —a(0.5sin(0.5t) + 0.6))x(t)v(t) — kiy:1(t),

Y2(t) = k1 (1 —0.6(0.3cos(0.5t) + 0.5))y; () — kay- (t), (45)
y3 (t) = kz(l - 05(04 sin(O.St) + 06))y2 (t) — k3_)/3 (t),

U(t) = Nksys(t) — Sv(t).

Then we have the following results:

(I) Persistence and extinction. Firstly, we choose the values of parameters A = 10000, i = 0.01, 8 = 0.000004, a=0.7, N =
100, § =3, kg = 0.3, k; = 0.4, k, = 0.6, k3 = 0.8 for system (45), from Theorem 1 and (15), we have R, ~ 1.836 > 1, then the
system (45) is permanent (see Fig. 1(a)). If we choose the values of parameters A = 10000, © = 0.1, 8 = 0.000002, a =0.5, N =
100, 8 =23, kg = 0.3, k; = 0.4, ky = 0.6, k3 = 0.8 for system (45), from Theorem 2 and (15), we have R* ~ 0.654 < 1, then the
system (45) goes to extinct (see Fig. 1(b)).

(I) The case R, < 1 < R*. When the condition in neither Theorem 1 nor Theorem 2 is satisfied, we provide the simulations in
Fig. 2: If we chose parameters for system (45) as in Fig. 1(a) except parameter . That is, for system (45), we set u = 0.01,
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Fig. 3. Comparisons on the counts of uninfected CD4" T-cells of two systems (45), (46) (see (a)); the viral load of systems (45), (46) (see (b)).

we have R, ~ 0.266 < 1 < R* ~ 2.61, and the system (45) is permanent (see Fig. 2(a)); if we let u = 0.1, N = 250, and other
parameters remain unchanged, then we have R, ~ 0.199 < 1 < R* ~ 2.455 for system (45), and the system (45) goes to extinct
(see Fig. 2(b)). Thus, when R, < 1 < R*, both viral persistence and extinction are possible.

(IIT) Effects of the multiple infected stages. Here, we consider the system (1) with single-stage infected cells, which is similar to
system (31) in [34] as follows:

X(t) = A — ux(t) — B(1 —a(0.5sin(0.5t) + 0.6))x(t)v(t),
y1(t) = B(1 —a(0.5sin(0.5t) + 0.6))x(t)v(t) — kiy1(t),
U(t) = Nkyy, (t) — Sv(t).
We choose the values of parameters for two systems (46) and (45) as the same as (I). And we compare the counts of uninfected
CD4" T-cells and viral load corresponding to two systems. From Fig. 3, new simulation results can be observed by comparisons:
the counts of uninfected CD4+ T-cells of a non-autonomous delayed HIV-1 infection model with three infected stages are larger
than that of system with single infected stage (see Fig. 3(a)), the viral load of a non-autonomous delayed HIV-1 infection model
with three stages are less than that of system with single infected stage (see Fig. 3(b)).
(IV) Effects of the time-varying environments. Here, we consider the system (1) with single-stage infected cells, which is similar
to system (31) in [34] as follows:

(46)

X(t) =X — ux(t) — (1 —a(-0.25+0.6))x(t)v(t),
y1(t) = B(1 - a(=0.25 +0.6))x(O)v(t) — kiy1 ().
Y2(t) = k1 (1 —0.6(—0.15+ 0.5))y1 (t) — kay, (t),
V3(t) = k(1 = 0.5(=0.24-0.6))y2 (t) — k3ys(t),
U(t) = Nksys(t) — Sv(t).
We choose the values of parameters for (47) as the same as (I). And we compare the counts of uninfected CD4* T-cells and
viral load of non-autonomous system and autonomous system with multiple stages. From Fig. 4, the counts of uninfected CD4*
T-cells of a non-autonomous delayed HIV-1 infection model with three infected stages are larger than that of corresponding
autonomous system with multiple stage (see Fig. 4(a)), the viral load of a non-autonomous delayed HIV-1 infection model with
three stages are less than that of corresponding autonomous system with multiple stage (see Fig. 4(b)).

(47)

5. Conclusions

In [34], the authors have formulated a model of HIV infection incorporating non-periodic coefficients and two intracellular
time delays, and have established the conditions for the permanence and extinction of the virus. From the results of [34], Wang
et al. have obtained the complicated effects of the time-varying parameters on the sufficient conditions for the permanence
and the extinction of the model with single infected stage. In this paper, based on the results on the system (5) with single-
infected stage in [34], we proved some uniform persistent result of system (1) in Theorem 1 when the condition R, > 1 holds. In
Proposition 1 we obtained that explicit estimates of the lower bound of the viral load under condition R, > 1. In Theorem 2, under
condition R* < 1, we proved that the elimination of virus infection for system (1). These results generalize the corresponding
results in [34] and improve those in [34] by introducing multiple infected stages.
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Fig. 4. Comparisons on the counts of uninfected CD4* T-cells of two systems (45), (47) (see (a)); the viral load of systems (45), (47) (see (b)).

We presented some numerical results for system (1) with three infected stages, respectively. Our first numerical results
showed that the persistence of systems (45) when R, > 1 (Fig. 1(a)) and the extinction of systems (45) when R* < 1 (Fig. 1(b));
in the second numerical study, we provided the simulations in Fig. 2 when the condition in neither Theorem 1 nor Theorem 2
is satisfied (i.e., R, < 1 < R*); in the third numerical results, we investigated the comparison of the counts of uninfected CD4*
T-cells and viral load corresponding to the systems with single-infected stage and three infected stages (Fig. 3). The study shows
that the effects of multiple infected stages of the antiretroviral drug during HIV-1 virus infection seem to change the counts of
uninfected CD4* T-cells and viral load.

Comparing to the corresponding Theorem 1 in [34] for the system (1) with single infected stage, we find that there is an
extra term ]E[ (%) in our permanence and extinction criteria, which exists because of the multiple infected stages. The impact

i=2\ "
of multiple infected stages hence can be explored through the sensitivity analysis of R.. In fact, from the expressions of

puar (k!
R=C2 T2
Sl E k)

~ n /s
and (2), we can find that k;(t) < k;(t) and [] (’;—’,) < 1. This implies that the more infected stages the cells have, the smaller R*
=1\

becomes, thus it comes from Theorem 2 that the more possibly the system will goes infection-free and hence there will be more
uninfected CD4* T-cells may be retained as well.

In summary, we provided investigations of the impact of multiple infected stages on HIV virus dynamic model under time-
varying environment. The interactions between HIV virus particles and different stages for infected cells are more complex
compared to the autonomous (or non-autonomous) HIV infection models with single-infected stage. Moreover, we simplified our
model formulations by continuous change from early stage to the final stage and did not consider mutation and drug resistance
of infected cells in each stage. The present system may not completely display the real biological meanings. Therefore, it is still
an open problem to study the system (1) with mutation or drug resistance which may raise more interesting and challenging
mathematics problems.
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